Abstract: Dynamics of D3-branes in models of warped D3-D7 inflationary set up is studied where perturbative α ′ correction to the Kähler potential and the nonperturbative corrections to the superpotential are included. It is shown that a dS minimum can be obtained without introducing anti-branes. Some specific configurations of D7-branes embedding were studied. After stabilizing the angular directions, it is shown that the resulting D3-D7 potential of the radial position of the D3-brane is too steep to allow slow-roll inflation. Depending on D7-branes embedding and the stabilized angular directions, the mobile D3-brane can move either towards the tip of the throat or towards the D7-branes. * fangchen@hep.physics.mcgill.ca † firouz@ipm.ir
Introduction
Obtaining metastable de Sitter vacua and inflation within type IIB string theory has been a major focal point of string cosmology in recent years. Compactifications making use of warped throats [1, 2] have provided a self-consistent starting point, but the simplest versions lead to AdS rather than Minkowski or dS minima. The introduction of anti-D3 branes into the throat can uplift the AdS minimum [3] , and can allow for brane-antibrane inflation [4] .
However the antibranes explicitly break supersymmetry, while the low-energy description of the Kähler moduli and inflaton field is in the language of supergravity. This tension has motivated the search for other uplifting mechanisms which are not explicitly SUSY-breaking, notably magnetic fluxes on the D7-branes, leading to D-term uplifting [5] . Other examples include ref. [6] , in which it is pointed out that the back reaction of D7-branes leads to a correction of the dilaton background that can give uplifting in the presence of D3 branes.
The present work is motivated by the possible interplay between the mechanism of uplifting and the naturalness of brane-antibrane inflation [7, 8] in the warped throat( for an extensive review on brane inflation see [9] and references therein). These two issues are related through the infamous η problem [4] : because the D3-brane modulus (which is also the inflaton) φ enters into the Kähler potential K through the combination R = 2σ(1 − cφ 2 /M 2 p ) (where σ is the Kähler modulus and c ∼ 1) and all terms in the inflaton potential go like 1/R p with p being a positive power, the inflaton mass is naturally of order V /M 2 p = H 2 , and so the inflationary η parameter is O(1). The inflaton mass can be made small only by finelytuned competing contributions, notably the φ dependent corrections to the nonperturbative superpotential [6, 10, 11, 12, 13, 14] .
As in [2] , we assume that all complex structures are stabilized by turning a variety of background fluxes. The resulting classical superpotential is independent of the Kähler modulus leading to a no-scale potential where the Kähler modulus remains completely undetermined. The no-scale property of the potential can be broken either via non-perturbative corrections to the superpotential as employed in [3] , or via perturbative α ′ correction into the Kähler potential as demonstrated in [15] . In [15] it is shown that the leading corrections are in the form of K = −2 ln(R 3/2 + ξ) where ξ represents the α ′3 correction to the Kähler potential. Uplifting using this α ′ correction into the Kähler potential was discussed previously in [16, 17, 18] . We also find that in our D3-D7 setup uplifting can be achieved from the interplay of leading perturbative α ′ correction and non-perturbative superpotential corrections, without any antibrane. Since the higher order α ′ correction into the Kähler potential are not known, we work in a large volume limit where only the leading perturbative α ′ correction into the Kähler potential are trusted. Also we work in the limit where the constant term in the superpotential W 0 to be much larger than in the KKLT [3] proposal, which is a virtue since the KKLT value is unnaturally small.
Having obtained a dS vacuum, we add the D3-brane into the setup. As in [13] , we take into account the D3-brane corrections into the non-perturbative superpotential. This results in a potential for the mobile D3 brane in the throat. To study its suitability for inflation, we must minimize the potential with respect to the angular directions in the throat for a given radial position r, resulting in the effective single-field inflaton potential (since φ ∝ r). We perform this minimization for two characteristic embeddings of the D7 branes in the throat, the Ouyang and Kuperstein embeddings [19, 20] . In neither case can V (φ) be made flat enough to give inflation. The problem can be traced to the requirement of large W 0 . The nonperturbative superpotential corrections, which were tuned to cancel the contributions to η coming from W 0 in [14] , cannot be made sufficiently large to enable this cancellation when |W 0 | ∼ 1.
We begin in section 2 with the 4D supergravity effective action describing the Kähler modulus and D3 brane modulus, including the effect of α ′ corrections in the Kähler potential.
Here we give a detailed realization of the uplifting due to such corrections. In section 3 we review the description of the geometry of the conifold to introduce the angular degrees of freedom of the D3-brane in the throat. These angles are minimized at different values, depending on the embedding of the D7 branes and the radial position of the D3 in the throat. In section 4 we determine these angular minima for two representative D7 embeddings which have been discussed in previous literature. For each case we show that the potential for the radial modulus of the D3-brane cannot be tuned to be flat enough for inflation. In the final section 5, we argue that this is a generic feature of large volume compactifications.
The low energy 4D supergravity
We start with the 4D effective supergravity for the dynamics of two light fields: T , describing the volume modulus and z i denoting the position in the extra dimensions of the D3 brane.
We suppose the dynamics of these fields to be governed by gaugino condensation on the D7 brane, in the usual KKLT fashion, including the back-reaction of the D3 brane as computed by Baumann et. al. [13] .
General definitions
The Kähler potential, K, and superpotential, W , defining the low-energy 4D supergravity are given by [15] 
where T = σ + iτ is the complex Kähler modulus, τ is the axion-dilaton field and σ is the volume modulus. More specifically, σ 1/4 measures the size of the CY compactification
Here R CY represents the average radius of the CY compactification. To trust low energy supergravity formalism, we require σ ≫ 1. We take σ ∼ O(100) in our discussions below. Also
Here k(z, z) denotes the Kähler potential for the CY geometry with the Kähler metric k ij = ∂ i ∂jk(z,z) and z i , i = 1, 2, 3 represent the position of the mobile D3-brane inside CY compactification. Also A(z) = A 0 [F (z)] 1/n where the holomorphic condition F (z) = 0 defines the position of the stack of n D7 branes in this geometry. The exponential term in W represents the non-perturbative correction to the superpotential coming from the gaugino condensation on coincident D7-branes and b = 2π/n. Finally, γ is related to the tension of the D3-brane and is given by
where T 3 ∼ m 4 s is the tension of the D3-brane. The F-term potential is computed from K and W using the standard formula
where
Evaluation of the potential
We now explicitly evaluate the derivatives appearing in the above definitions, using the given functions K, W . The superpotential derivatives become 6) where the superscript i represents the partial derivative with respect to z i the position of the mobile D3-brane. It is useful to defineξ = ξ R −3/2 andR = R(1 +ξ) where the Kähler potential is now given by
In this notation, the quantityξ measures the strength of α ′ correction to the Kähler potential. The consistency of our perturbation requires thatξ ≪ 1. The Kähler derivatives are given by
where here and below k i ≡ ∂ i k and kī = ∂īk. The Kähler derivatives of W evaluate to
The Kähler metric is given by
After some algebra, the inverse metric is
where kī j is the inverse of kī j with kī j k jl = δī l and k i = kjkj i . Calculating the F-term potential from (2.5), one obtains
As in [15, 16] the no-scale property of the four-dimensional supergravity is broken in the presence of ξ. This manifests itself in the last term containing |W | 2 . We note that there are two terms in potential (2.12) containing the axion field τ in the form of W 0 (Ae −ibτ +c.c.). Minimizing the potential with respect to τ and noting that W 0 < 0, the stable value of axion is given by
As mentioned in [14] , plugging this value of the axion field into the potential (2.12), is equivalent to replacing (Ae −ibτ + c.c.) by 2|A|, which we consider is the case from now on.
Uplifting
In this section we study the uplifting and the stabilization in the absence of the mobile D3-brane. For uplifting in this mechanism to be achieved, we need to work in the limit where |W 0 | ∼ 1 which is natural in flux compactification. This is opposite of the KKLT limit where |W 0 | ≪ 1 by tuning. An analytical understanding of the background is very helpful when we include the D3-brane in next section in search for getting inflation. In the absence of D3-brane, W i = k i = 0, R = 2 σ and A = A 0 . Eliminating the axion field as mentioned before, the F-term potential for σ obtained from (2.12), in the convention A 0 = 1, is
As explained before, the breakdown of the no-scale symmetry manifests itself in the term containing W 2 0 , corresponding to the zeroth order contribution of the superpotential to the potential.
In order to get a better understanding of the uplifting and the Kähler modulus stabilization mechanism, here we expand the potential up to quadratic order in terms ofξ = ξ/(2σ) 3/2
We assume that that W 0 is large enough, possibly O(10), such that terms containing e −2bσ are negligible. The details of the conditions for uplifting and stabilization of the Kähler modulus is relegated to the Appendix A. In the limit of smallξ, we find the following approximation relations
Using the relation b = 2π/n, we find that σ ≃ n/2 and W 0 ∼ξ −1 . For uplifting to work in this mechanism we need to start withe large enough |W 0 | as mentioned before. Also to obtain a large enough compactification, we should start with a large enough number of wrapped D7-branes.
Here we provide some examples where potential (2.14) can be stabilized to a dS vacuum. For the first example, suppose A 0 = 1, W 0 = −8 and n = 157, corresponding to b = 0.04. Then there are dS minima for the range 104 ξ 109, with 60 σ min 68. If required, one can tune ξ to obtain a Minkowski vacuum. One also finds thatξ < 0.08 so one may consider the effect of α ′ corrections perturbatively. To get a larger value of Kähler modulus, one can increase the number of D7-branes, as mentioned above. Choosing b = 0.02, corresponding to n = 314 and with A 0 = 1 and W 0 = −8 as above, the dS vacua exist for 292 ξ 311, corresponding to 120 σ min 145. Like before,ξ < 0.08. A plot of the potential for ξ = 300 is given in Fig 1. We also note that the approximate relations given in Eq. (2.16) are satisfied to a reasonable accuracy in these two examples.
The conifold
We work in the background where the ten-dimensional metric is in the form of warped geometry
where h(r) is the warp factor. To incorporate the position of D3-brane in the potential, we need to know k(z, z), the Kähler potential of the CY space. For applications to the throat we specialize to the conifold defined by where {z m , m = 1, 2, 3, 4} are complex coordinates. The metric of the cone can also be written as
where ds 2 T 11 is the metric of the base, T 11 , which is a five-dimensional Einstein manifold given by
The metric of the cone is given by the Kähler potential
Eq. (3.2) describes a singular cone. To remove the singularity at r = 0, as in KlebanovStrassler (KS) [1] , one can work with the deformed conifold where the sum in Eq. (3.2) is equal to ǫ 2 . Here ǫ 2 is a parameter of dimension length to the power of 3 which measures the deformation of the cone at the tip and its value is given by the value of warp factor at the tip. In this work, we assume that the D3-brane is located far away from the tip such that our analysis is not sensitive to the details of the deformation. Furthermore, for simplicity we also assume that the infra-red geometry of the cone is cut-off at r = r 0 .
In the construction of KS, the warp factor is produced by the background F 3 and H 3 fluxes turned on inside different three-cycles present inside the cone. To a good approximation, one can take the warp geometry in the form of 6) where R measures the curvature radius of the AdS geometry given by
Here N = M K is the background flux with K and M being the numbers of H 3 and F 3 fluxes respectively. Furthermore, the value of warp factor at the tip, r = r 0 , denoted by h 0 , is given by
We are interested in the radial motion of the mobile D3-brane inside the throat. In the absence of interaction between D3 and D7-branes, the D3-brane moves freely in the AdStype background above. However, once the interaction between D3 and D7-branes are taken into account, D3-brane will not be free anymore. We would like to study the motion of the D3-brane once the perturbative Kähler corrections and nonperturbative correction to superpotential are included. This problem was previously studied in [6, 14, 21, 22, 23] where the background is in the limit of KKLT where |W 0 | ≪ 1 by tuning and the perturbative corrections to Kähler potential is neglected, i.e. ξ = 0.
In [6] the motion of D3-brane in Ouyang embedding [19] was studied. In [14] this was generalized to other embeddings such as Kuperstein embedding [20] . In this work we formulate the potential for the D3-brane for generic embeddings and specialize to the above two embeddings.
From the Kähler potential of the cone given as in Eq. (3.5), one obtains
where i = 1, 2, 3 and we eliminated z 4 in terms of z 1 , z 2 and z 3 using the definition of cone Eq. (3.2). For the inverse metric, denoted by kī
Alternatively, one can work with the w-coordinate which is defined by the following linear relation to the z-coordinate
For a review of the construction of the cone in z and w coordinates see Appendix B.
The Kähler metric in w-coordinate is now given by
where the non-zero components of the matrix c i j given as in [14] 
One can also check that the following relations hold which would be helpful later on in calculating the potential
with a similar relations also for w-coordinate.
D3-D7 Brane Inflation Dynamics
In this section we calculate the potential between D3 and D7 branes in the throat and see whether or not a period of slow-roll inflation can be achieved( for an update on D3-D7 inflation [24] , see [25] ). The D3-D7 potential is a function of the radial as well as the azimuthal positions of the D3-brane. After finding the stable angular directions of the mobile brane, the potential is studied as a function of the radial position of the D3-brane which plays the role of the inflation field.
To calculate the F-term potential we need to specify the form of the holomorphic function F (z), determining the embedding of the stack of D7-branes in this configuration. As explained before, we shall specialize to Kuperstein and Ouyang embeddings which define two characteristic classes of embeddings.
Ouyang Embedding
The Ouyang embedding is defined in the w-coordinate via
Here µ is a parameter of dimension length to the power of 3/2. One can define the length parameter r µ via r µ = µ 2/3 . Schematically, r µ represent the distance of the D7-brane from the throat. Using the embedding Eq. (4.1), the contribution of the D3-brane to the superpotential is
Including the contribution of the D3-brane into superpotential, the F-term potential calculated from Eq. (2.12) is now given by
and a i are defined via
Note that due to the particular form of embedding given by Eq. (4.20), only the (11) component of the inverse metric kī j (w) shows up in the F-term potential with
The details of the stability analysis is relegated to Appendix C. Here we summarize the important results. Possible stable solutions are given by (a) :
whereψ ≡ ψ − φ 1 − φ 2 and m is an integer subject to −4π ≤ψ ≤ 4π.
Stability of case (a)
In case (a) we note thatψ is a flat direction and the potential is independent ofψ. Also w 1 = 0, |w 2 | = 1 which gives F = F = 1. In order for the solution to be stable, the following approximate inequality should be met The consistency of our picture requires that r > r 0 , where r 0 is the IR cut-off of the throat. Assuming that r µ is comparable to the AdS scale of the throat, R, then in order for Eq. (4.10) to be satisfied we need that, h 0 , the warp factor at the tip of the throat, to be as small as 10
0 . Otherwise, one has to tune cosψ/2 sufficiently close to 0. Having stabilized the angular directions, we can now look at the behavior of the potential as a function of r. Because F = F = 1, as in [6] , we see that the contribution of the mobile D3-brane to the superpotential vanishes and A = A 0 . This is subsequently labeled as "deltaflat" solution in [14] . Here "delta" represents the change into V F due to contribution from D3-brane into superpotential.
One may ask whether or not a period of slow-roll inflation is supported while the brane is moving towards the tip. With F = 1, we obtain
where V 0 represents the value of potential in the absence of D3-brane, corresponding to setting r = 0. To calculate the slow-roll parameter η, first we find the normalized field, φ, given by
where the brane kinetic energy has the standard form −∂ µ φ∂ µ φ/2. Calculating η one obtains that
Interestingly enough, the first term containing the factor of 2/3 is similar to the result of [4] . The second term containing a 5 is due to ξ corrections to the Kähler potential where the no-scale property of the four-dimensional susy is broken. On the other hand, a 5 > 0 and a 1 + a 3 + a 5 ∼ −a 2 with a 2 ≪ a 5 in our background. This indicates that η > 1 and it is not possible to obtain slow-roll inflation in this embedding without fine-tuning.
The figure on the left hand side of Fig. (2) represents V F for case (a). We see that as in [6] , the D3-brane is attracted towards the tip of the throat. This is also easily seen from Eq. (4.11).
Stability of case (b)
In order for case (b) to be a stable solution, we require that cosψ/2 = −1 andψ = 2π. This corresponds to w 1 = −r 3/2 . Furthermore, the position of the D3-brane should satisfy the condition r c < r < r µ where r c is approximately given by
For, r 0 ≤ r ≤ r c the solution is unstable.
In this example we see that the contribution of D3-brane to the superpotential does not vanish, corresponding to F = 1 + (r/r µ ) 3/2 , so we find a specific "non-delta flat" solution in Ouyang embedding. In the work of [6] this solution was not a stable solution. However, in our case here, the stability of the solution is due to the additional term containing a 3 . With |W 0 | ∼ 1, the term containing a 3 dominates over other terms and plays the key role in making case (b) to be a stable solution.
To calculate η, we note that
Calculating η one obtains
Looking at the behavior of η, one observes that the potential has an inflection point at r in given approximately by
where η = 0. However, the potential does not stay nearly flat near the inflection point. As in case (a), the potential is too steep to allow inflation. One also is interested in the shape of potential and whether or not the D3-brane is moving towards the tip or not. In Fig(2) we have plotted the potential as a function of r where σ is stabilized to to its background value. We see that the D3-brane is attracted towards the D7-brane. This can also be understood analytically. The minimum, r min , of the potential (4.15) is determined by
To go to the second line, we used the approximate relation bσ ∼ 3, equivalent to σ ∼ 3n/2π, which holds in our background. The final expression is also a consequence of Eq. (4.9). In conclusion
This indicates that the minimum of the D3-position is typically outside of the throat. The D3-brane is moving from the IR region into the UV region and get dissolved into D7-branes. This may provide an explicit construction of models of IR brane inflation [26] where the D3-brane leaves the IR region towards the UV region of the throat. However, one may tune the background parameters such as n and W 0 such that r min is close to the the position of the D7-brane but inside the throat. In this case the D3-brane is confined between the tip of the throat and the D7-branes.
Kuperstein Embedding
The Kuperstein embedding is define by
The F-term potential is formally the same as in the Ouyang embedding, with the replacement of w 1 → z 1 and k1 1 (w) → k1 1 (z) where
The stable solutions are (a) :
where m and n are integers andφ ≡ φ 1 + φ 2 .
In Apendix C we show that only solutions that lead to
are stable [14] . This requires that n to be odd(even) in case (a)((b)), while m + n to be even in case (c).
For all three cases, we note that
µ and V F is formally given as in Eq. (4.15). To calculate η, we borrow Eq. (4.16) with the replacement µ → √ 2µ which gives
As before, for parameters of physical interest, this gives too big a value of η to allow for slow-roll inflation. Furthermore, there is inflection point at
but the potential does not stay flat enough around the inflection point to allow slow-roll inflation as is clear from the large value of η given above. The shape of the potential is similar to case (b) of the Ouyang embedding; the D3-brane is attracted towards the D7-brane if r min > r µ . However, as before, one can also arrange such that r min r µ and the D3-brane is confined between the tip of the throat and the D7-branes.
Conclusion and Discussions
In this work the dynamics of D3-D7 branes in an inflationary throat was studied. In the limit where W 0 is large and α ′ corrections to Kähler potential are included, it is shown that the dS uplifting and the moduli stabilization can be achieved without the addition of anti-D3 branes. This has the advantage that the SUSY is not broken explicitly.
We have treated ξ, the parameter corresponding to α ′ correction, as a constant. In a more realistic treatment, the α ′ correction is a function of the dilaton field. We work in a background where the dilaton is fixed. However, in calculating the covariant derivatives of W and K, one should consider dilaton as an independent field and only at the end impose the condition that dilaton is constant. This brings corrections of order ξ 2 into our background potential Eq. (2.14). Consequently, this will change the numerics of the uplifting slightly without changing the whole picture. Furthermore, this also does not affect our conclusion in section 4 about the stability analysis of different embeddings studied. The reason is that the terms containing ξ are only important in a 5 and our discussions rely on the leading term in a 5 which is linear in ξ. Therefore, in order to keep the analysis transparent and tractable, we have neglected the effects of dilaton in ξ.
In this work, we have considered the leading α ′ correction to Kähler potential. We work in the large volume limit where the higher order α ′ corrections, which are unknown, may be neglected. It would be interesting to see how higher order corrections to Kähler potential may affect the uplifting mechanism. However, it is expected that our stability analysis remain unchanged, since our analysis there rely on the linear term in ξ as explained above.
We have looked into the shape of the inflationary potential for the radial position of the D3-brane once all angular directions are integrated out. The analysis were specifically performed for Ouyang and Kuperstein embeddings which define two characteristic classes of embeddings for the wrapped D7-branes. In Kuperstein embedding the D3-brane is attracted towards the stack of D7-branes while for Ouyang embedding it can move towards the tip of the throat or towards the D7-branes, depending on the stabilized angular directions. We have seen that the potential in both cases is too steep to allow a period of slow-roll inflation. This has origin in largeness of |W 0 | which is required in our uplifting mechanism. Unlike [14] , the contributions to the potential from nonperturbative corrections to the superpotential can not be made large enough to cancel out the contributions from W 0 . It is expected that this conclusion to be generic, holding for other embeddings too. It would be interesting to perform a systematic investigation for other embeddings to see whether or not this expectation still holds.
As mentioned, we have neglected terms containing e −2bσ , which is a good approximation for large enough W 0 . The minimum of Eq. (2.16) is given by
where we have defined bσ = x. Furthermore, requiring that the potential is positive at the minimum, implies that
With some efforts, one can check that the functions f and g have maximum at x f and x g , respectively, given by
Looking at the plots of f and g, one concludes that in order to satisfy conditions (A.1) and (A.2), one requires that
This leads to the following useful relations
We have checked many numerical examples where the relations in Eq. (A.5) are hold with reasonable accuracies.
B. The Conifold
Here we briefly summarized the representation of conifold in w and z coordinates. The conifold is defined by The conifold in z-coordinate is given by
Notice that r denotes proper distance up the throat, and r = 0 corresponds to the throat's tip, which is singular if the conifold is not deformed. Upon linear transformations (3.11) one goes to the w-coordinate where now the conifold is given by
C. The stability analysis
Here we study in more details the angular stability of different solutions for both Ouyang and Kuperstein embeddings
C.1 Ouyang embedding
The independent angular variables are {Ψ i } = {θ 1 , θ 2 ,ψ}, whereψ ≡ ψ − φ 1 − φ 2 . Furthermore, we note that V F as given in Eq. (4.3) is a function of |w 1 | 2 , |w 2 | 2 and w 1 +w 1 . Define x 1 = |w 1 | 2 , x 2 = |w 2 | 2 and x 3 = w 1 +w 1 . As argued in [14] , finding the stable values of Ψ i independent of r requires that
The sets of solutions to above equations are (a) :
where m is an integer subject to −4π ≤ψ ≤ 4π.
Below we demonstrate that only cases (a) and (b) could be stable. Define X i = ∂V /∂x i . Then at the extrema given by Eq. (C.1) the mass matrix, V ij , is given by
The nonzero components of the mass matrix are:
In the cases of (c) and (d) one can check that there is a negative eigenvalue, so these cases are unstable, corresponding to w 1 = w 2 = 0. The stability of the other two solutions depends on the sign of X i given by
From the form of a i given in Eq. (4.5) we note that all a i except a 3 are positive. This implies that X 2 < 0. Furthermore, |a 3 |/n > a 1 /n > a 2 which will be useful later.
C.1.1 Stability of case (a)
For case (a) we note thatψ is a flat direction and the potential is independent ofψ. In order for solution to be stable we require that X 2 < 0 and r 3 X 2 2 − X 2 3 cos 2ψ /2 > 0. As mentioned above, the first condition is always satisfied. On the other hand, we have w 1 = 0, |w 2 | = 1 which gives k1 1 w = 0 and F = 1. Calculating X 3 , we find
The stability of the solution is therefore approximately translated into 16π 2 γ 2 µ 2 W 2 0 e 2bσ r cos 2ψ /2 < 1 . (C.7)
C.1.2 Stability of case (b)
For the stability of case (b) we require that X 3 cosψ/2 < 0 and X 3 cosψ/2 + r 3/2 X 1 < 0. Furthermore
Demanding that X 3 cosψ/2 < 0 requires that cosψ/2 = −1 andψ = 2π. This corresponds to w 1 = −r 3/2 . On the other hand, one can also check that Since a 3 < 0, the above expression changes sign for sufficiently small r. In conclusion, we see that case (b) withψ = 2π is stable for the range r c < r < r µ , while unstable for r 0 < r < r c , where r c is approximately given by the root of the term in the bracket (C.9) as r c ≃ (8πγ µ W 0 e bσ ) −2 .
(C.10)
C.2 Kuperstein Embedding
Here we find the stable position of the angular variables {Ψ i } = {θ 1 , θ 2 , ψ,φ}, whereφ ≡ φ 1 + φ 2 . The potential V F is is now a function of z 1 +z 1 and |z 1 | 2 . As in Ouyang embedding, the stable values of Ψ i satisfy:
The solutions are where m and n are integers. Below we show that only solutions that lead to z 1 = − r 3/2 √ 2 are stable [14] . The mass matrix is given by
, Y 2 ≡ ∂V F ∂|z 1 | 2 (C.14)
given by
2n − a 4 (1 − 1 n )k1 Since Y 1 > 0 and Y 2 < 0, to get a stable solution we requires n to be odd. This corresponds to z 1 = − r 3/2 √ 2 as in [14] . The nonzero eigenvalues of case (b) are the same as in case (a) with an overall minus sign. So we see that for this case to be stable, we need n to be even corresponding to z 1 = − r 3/2 √ 2 .
This indicates that F and k1 1 w are the same as in case (a) so the potential is exactly the same as in case (a).
Finally, for case (c) to be stable we require that
To satisfy these conditions, we need m + n to be even. This in turn implies that z 1 = − r 3/2 √ 2 and the potential is the same as in case (a) and (b).
